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The reduction of the equations of direct control to a special canonical
form is studied, in which a nonlinear function of the control unit
enters into the system with coefficients zero and one. If there exist
prime characteristic roots of the matrix of the coefficients of the
initial system the method of reduction coincides with the method given
in book [ 1 ]. For the case of multiple characteristic roots of this
matrix the order of the canonical system, equal to the power of the
minimal polynomial of the original matrix, may be less than the order of
the initial system., It will be shown that in the latter case, the stabil-
ity of the original system does not always folTow from the stability of
the canonical system of equations, although instability of the original
system always follows from the instability of the canonical system. A
method is presented for constructing, from the solutions of the canonical
system, the solutions of the original system and conversely, from the
solutions of the original system, for constructing the solutions of the
canonical system.

1. The components Ay(k} of matrix A of dimension {(n x n) may be de-
termined as the numerator of the decomposition chEn'n - A)“l into sieple
fractions [2 ]

Fu D @MCH) s ™ AW

(AE, ,—A)yt= A= MW DY) =k2 2 —_—M(;\—},k)" (1.1}
=1v=1
AQ) =GR =)A= ). .. (A — )" (m+...4ns =n) (1.2)
A, ()= A= M)™A— A)™. . L (A — R)™s (ma+ ... +my=m<n) (1.3)

1125



1126 N.B. Kriuchkov

Here F(A) and C(\) are adjoint and reduced adjoint [ 2 ] matrices for
(KEn - A); B 1()L) is the greatest divisor of all minors of (n — 1)th
order of the matrix (AE — A); AA) and A OR) are the characteristic
and minimal polynomials {2 ] of matrix A [i e. A (A) is the major in-
variant multiplier of the characteristic matrix (AE - &)]; s is the
number of distinct characteristic roots of matrix A.'

The components Ay(k) turn out to be linearly independent and different
from zero and are completely determined by the matrix A.

The components of the matrix A may be used for finding in practice the
function of the matrix A.

g Amp—1) (3}
: " . AN & (x)
FA) =) [f(},k) AW 4 O A e T A, ] (1.4)
k=1 g
In particular, for the function et we have the relation
At i\ J® (k) A, g TR
A= Z [ + A e Ay T _mJ R (1.5

k=1

In turn, functions of the matrix may be used for the integration of a
system of linear differential equations with constant coefficients.

In the present note the components of a matrix are used for the in-
vestigation of a control system.

2. The use of components of a matrix for the transformation of the
equations of the theory of control. We consider a system of differential
equations of the first order

= 2 byt + 2@ () (k=1,...,n), o= D 1.7, (2.1)

which we may rewrite in the form

@ = Be + He (0), o = Rz (2.2)

Here x and H are column matrices of the elements %, and hk' respect-
ively, B is a square matrix of the coefficients bka of dimension (n x n),
R is a row matrix of the elements Toe

I1f in Equations (2.1) the quantity o represents an arbitrary func-

tion of time, then the solution for x may be written in the form
i

o = eBlagy + S By (o (2)} do (2.3)

0
Analogous to (1.5) the function ePt has the form
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s m—1
1"k
= S {Bltk) + Ba®t oo B, O (—m—k———i)'] il 2.4)
k=1

The quantities Al, e As are distinct characteristic roots of
matrix B

I)\En' n— B =0 —=M"R— k)" (A= A" (2.5)
Consequently, relation (2.3) may be given the form
z = eBlyy  UE° (2.6)
where U is a rectangular (n x =) matrix, the columns of which are pro-
ducts of components of matrix B by column H

U=|BMH|=|BYH, BYH, ... B, “H| 2.7

and £ is a complicated column matrix

g(l)o .
ge=\... (2.8)
E(S)°
the elements of which are the columns
gy 1
t
e | - - | ¢ - R
S el ¢ (t— )" PN AT k=1, ..., 9 (2.9
e R Cll?
gnlk (mk _ 1)' l

By immediate differentiation it is possible to convince oneself that
£° is a particular solution of the system of equations

£ =), 5™ 4 ¢ (o)
Eolh) = lk§2(k)'F g, ) (k=1,...,59 (2.10)

EO) _ (k) (%)
Em, M =N, P+ B

the matrix form of which is

E= AL +Go (0) (2.11)
where
AY o ... 0 G
(2) (2)
A] O A® .. 0} oG
(mxm)i| « « « « « « . (mX1)

0 0 ... AY G
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I! A, 0 0 } 1]
!
1 . 0 0
AR } A 1, o =
(kamk) ........ “ (’kaI)
‘ 0 0 - Ay 0 :!
The general solution of Equations (2.11)
E=cMy 4 2.12)
depends on m arbitrary constants
E10M, EZO("), R Em;ﬁ)) (k=1,...,5)
Substituting & from (2.12) into (2.6), we obtain
z = eBlyy — UeME, - Ug (2.13)

Equation (2.12) by itself represents the relation, with the aid of
which for arbitrary value o the solutions of Equations (2.1) are obtained
from the solutions of Equations (2.10). The column z, represents by it-
self the column of initial values of the variables xp and the column fo
is the column of arbitrary constants. In choosing the values of these
constants we shall require that the product Rx be not dependent on N
and fo. Then we have

Rz = RUE, ReBiz, = RUME, (2.14)
If the product RU is denoted by Q,
Q=1a," ¢, -y 4. g, = RB,WH (2.15)
then Equations (2. 14) may be given in the form
Rz = Qg, RePlzy = Qetly, (2.16)

In the last of these equations the expression for eBt takes the form
(2.4). It is possible to show that the expression for eAt will have the
analogous form
.

s
oAt E [Al(k) AW A B

~—~——]ek"t 2.17
P K {m = D)l (@17)

and the number of components of Ay(k) will equal the number of components
of By(k)

Hence the second equation (2.16) is equivalent to the m equations



A peculiarity of nonlinear equations of control systems 1129

Q A-{(&)EO e RB.{(;{)% (k —_ 1, ey & vy = ‘1, ey mk) (2.18)

with a unknowns 610(1). 620(1). vees £y 0(8). The rows of the determinant,
s

composed of the coefficients of these unknowns, are the products of the
rows of @ with the components Ay(k). Because these components are linear-
1y independent, this determinant is different from zero and the system
(2.18) has a unique solution which we denote, with the aid of matrix V
of dimension (m x n), in the following form:

0 == Vao (v =lea®*rB,2)) (2.49)

Here, for brevity in writing, the row matrices are written in the form
of products of rows § and R and the components of the corresponding
matrices. Thus, if £ = Vz,, then Rx = Q¢ and the solution of Equations
(2.2) with the aid of the relation

@ = [eBf — UePV] 2, + UE (2.20)
may be obtained from the solution of the equations

E= AL + GO (0), 0= Q% (2.21)

the form of which by analogy with papers of Lur’e, Letov, Troitzkii may
be called the canonical form of the equations of control systems. The
difference of this form of the equations from the canonical form of the
equations in the papers of the authors mentioned consists in that the
order of the system of these equations coincides with the number of com-
ponents of matrix B, and this number may be equal to the order of the
original system (2.2) only in the case when the minimal polynomial co-
incides with the characteristic polynomial of matrix B. This circumstance
occurs in particular when among the characteristic roots of matrix B none
are multiple.

3. Properties of matrices U and V. Having differentiated the second
equation of (2.16) with respect to time we obtain the equation

RePiBag = QeM Aty {3.1)

which is analogous to Equation (2.16) and, consequently,)\fo must
satisfy the equation j\fo = VBz;., Substituting Vx, instead of 50 into
this equation we have

AVzy = VBzy, or AV = VB 3.2

since this must be fulfilled for an arbitrary column xge Also it is
easily seen that
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eBH = Ul 3.3)
Differentiating this equality with respect to time we obtain
BeB'H = U AefG  or (BU—UA)eAG =0 (3.4)
the latter being based on (3.3).

Owing to the fact that eiXtG represents by itself a column of linearly
independent functions

mg—1 Agf
8)“!, te)“t, . g s (3.5)

. oa oy

the equality (3.4) is correct only when BU = UA. Assuming ¢t = 0 in (3. 3)
we have H = UG.

By definition, Q = RU: multiplying (3.3) by R, we obtain the equation
ReBH = QeMG (3.6)

analogous to Equation (2.16); consequently

G = VH (3.7)

Replacing fo in the second equation of (2.16) by Vx,, we have
ReBlzy = QeA‘V:rO (3.8)

Taking into account that (3.8) must be satisfied for arbitrary column
%, and arbitrary time ¢t > 0, we obtain

ReB! = Qely, R = QV 3.9)
Multiplying the equality (3.3) on the left by the matrix V we have
VePH = VUAG
Since from the equality (3.2) follows MtV = VBt then Atvn = vuelg
or Mg = vuels, which is possible only when

VU=E, . (3.10)

Finally, if we multiply U on the right by V and square this product
we then obtain

(V)32 = UVUV = UE,, ,,V=UV (3.11)

Hence it follows that the product UV is an idempotent matrix [ 2] for
which the relations
BUV = U AV = UVDB 3.12)
hold.
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Summing up what has been said, we have

eBIH = Uehq, BU = U A, UG =H
ReB! = QeMly, AV = VB, QV =R

Q = RU, VU =E,, .. VH =G
(UV)2 = UV, RUV = R, UVH =H

4. Certain theorems concerning control systems with multiple roots.
We rewrite the systems (2.2) and (2.21) in the form

¢ = Bz + Hp (Ra) (4.1)
£= AL+ Go QY (4.2)

According to what has been said above, in order to obtain a solution
of Equation (4.1) with initial condition x(0) = Zg, it is possible first
to find a solution for £ in Equations (4.2) with initial condition £(0) =
Vz, and then, in correspondence with Formulas (2.20) and (3.2), to con-
struct the solution of Equations (4.1)

e = (E, , — UV)ePly 4 UE (4.3)

If it is necessary to construct a solution for £ in Equation (4.2)
with initial condition £(0) = fo, then it is possible, choosing the
column % to satisfy the relation fo = Vso, to have a solution for x in
Equation (4.1) with initial condition x(0) = x and then by means of the
formula £ = Vx to construct a solution of Equation (4.2). In fact, if
£ = Vx is substituted into Equation (4.2)

Vi — AVe — G (QVz) = 0 (4.4)
and account is taken of Equations (3.2), (3.7), (3.9) then it is possible
to construct the identity

V [# — Bz — He (Rx)] = 0 (4.5)

since x is a solution of Equation (4.1).

We pass in Equation (4.3) to the analysis of the expression in
parentheses. If the characteristic polynomial of matrix B coincides with
the minimal polynomial of matrix B, then m = n and

Fpp—UV=0

n

This follows from the fact that U and V will in this case be (n x n)
matrices and by virtue of the equality (3.10)

VU=E,,=UV
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But if the degree of the minimal polynomial is less than the degree
of the characteristic polynomial (m < n), which is possible only for the
case of multiple characteristic roots of the matrix B, then

%m—JV#O
since in this inequality the matrix En n has rank n, but the rank of the
product UV by virtue of Sylvester's theorem would be equal to a < n.

We consider in detail the second case and prove for it the following
theorems:

Theorem 1. If the solution of Equation (4.2) for & is unstable, then
the solution of Equation (4.1) for x is also unstable.

Theorem 2. If the solution of Equation (4.2) for £ is stable and if
the multiplicity of the roots with positive real parts in the minimal
polynomial of matrix B is equal to the multiplicity of the roots with
positive real parts in the characteristic polynomial of matrix B, then
the solution of Equation (4.1) for x is stable, but if smaller, then un-
stable.

The proof of the first theorem follows from the fact that the solution
for £ is obtained from the solution for x with the aid of the linear
transformation £ = Vx. Whence it is seen that in order for the solution
for £ to be unstable it is necessary for the solution for x to be also
unstable, It is evident that the first theorem will be correct also for
R = n.

For the proof of the second theorem we shall consider that matrix B
in the initial solution has Jordan normal form (with the aid of a linear
nonsingular transformation of the unknowns it is always possible to re-
duce it to this form). Each such matrix can always be decomposed into a
number of blocks, equal in number to the distinct roots of the character-
istic polynomial

where the dimension of a block is equal to the multiplicity of the root
in the characteristic polynomial. As far as the matrix A is concerned, it
already has such a block form where the dimension of the block A(k) in
the matrix A is equal to the multiplicity of the root in the minimal
polynomial. We decompose the matrices R, H and x into blocks so that the
products RB, BH, Bx have meaning, and matrices Q, G and £ by their struc-
ture already have this form.
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Then it is possible to show that the matrices U, V and UV have quasi-
diagonal form

ub .0 viw o vy o
0 ... uU® 0 ...v® 0 . ..ubdye

Here the blocks U(k) have dimension ("k X 'k)’ and the blocks V(k)
have dimension ('k x ng); the product UV is formed by the multiplication
rule of block matrices. Here the rank of the block U(k)v(k) is equal to
np. Since

(E

n,n

then having decomposed %, also into block form, we obtain

(E ,nl—U(l)V(l))eB(l)txo(l) l

Ny

Epn—UV)eBo = . ... L R

We consider the kth block

(E — utyk)y BB )

nk,nk

For arbitrary xo(k) this block may equal zero only if

— UKy
which is possible only for the case when the multiplicity of the root of
the minimal polynomial coincides with the multiplicity of the root in
the characteristic polynomial. But if this condition is not fulfilled
then such an equality is not possible. Since the function exp Akt is a
scalar multiplier of this block-column, then for Re Ak > 0 the magnitude
of the elements of the block-column increase without bound as t » oo and
this also is evidence of instability, which was to be proved.
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